Abstract. Let G denote a connected semisimple and simply connected algebraic group over an algebraically closed field k of positive characteristic and let g denote a regular element of G. Let X denote any equivariant embedding of G. We prove that the closure of the conjugacy class of g within X is normal and CohenMacaulay. Moreover, when X is smooth we prove that this closure is a local complete intersection. As a consequence, the closure of the unipotent variety within X share the same geometric properties.
Introduction
Let G denote a connected semisimple linear algebraic group over an algebraically closed field k of positive characteristic. Consider G as a G × G-variety by left and right translation. An equivariant Gembedding is a normal G×G-variety X containing a dense open subset G × G-equivariantly isomorphic to G. Let B denote a Borel subgroup of G and let g denote an element of G. The closure of the double coset BgB within X is called a large Schubert variety. As proved in [2] (see also [1] ) large Schubert varieties are normal and Cohen-Macaulay. In the present paper we will prove a similar result for closures of diagonal G-orbits of regular elements within X.
Assume that G is simply connected. An element g in G is called regular if the centralizer of g in G is of dimension equal to the rank l of G. By [11] the set of G-conjugacy classes of regular elements is parametrized by the set of points in affine space A l . To describe this correspondence, let χ 1 , . . . , χ l denote the set of fundamental Gcharacters and consider the Steinberg map χ : G → A l defined by χ(h) = (χ 1 (h), . . . , χ l (h)). Then the fiber χ −1 (a), associated to a point a in A l , contains a unique open dense G-orbit consisting of the set of regular elements within χ −1 (a). Hence, χ −1 (a) is the closure of a unique regular conjugacy class within G.
Let g denote any regular element within G. We prove that the closure C G (g) of the G-conjugacy class of g within an equivariant embedding X of G is normal and Cohen-Macaulay. Moreover, when X is smooth we prove that C G (g) is a local complete intersection and we calculate its associated dualizing sheaf. When X = G this statement is equivalent to saying that the fibers of the Steinberg map are all normal, Cohen-Macaulay and local complete intersections. The latter statement is due to Steinberg (Thm.6.11 and Thm.8.1 in [11] ). The case of primary interest to us is when g is a regular unipotent element in G. In this case C G (g) coincides with the closure of the unipotent variety U within X. In particular, when G coincides with the associated group of adjoint type (i.e. type E 8 , F 4 and G 2 ) we obtain a description of the geometry of the closure of the unipotent variety within the wonderful compactification of G.
In order to prove the described results we will use the theory of Frobenius splitting. It is well known that any equivariant embedding X of G is Frobenius split. We prove that there exists a Frobenius splittings of X which compatibly splits the closure C G (g) of a given regular conjugacy class. Moreover, we may choose such a splitting to be canonical in the sense of Mathieu (see Chap. 4, [3] ). In particular, when L is a G-linearized line bundle on C G (g), then the associated set of global sections H 0 (C G (g), L) admits a good filtration (as a G-module). Finally, we prove that when X (and hence C G (g)) is projective then the higher cohomology groups of globally generated line bundles on C G (g) are zero.
Notation
In the following sections G will denote a connected semisimple linear algebra group over an algebraically closed field k of positive characteristic p > 0. The associated group of adjoint type will be denoted G ad . We will fix a Borel subgroup B and a maximal torus T within B. The character (resp. co-characters) of T will be denoted by X * (T ) (resp. X * (T )). We identify X * (T ) with the group of B-characters X * (B). The set of roots associated with T will be denoted by R. We define a root to be positive if the associated T -weight space (under the adjoint action) in the Lie algebra of B is zero. The set of positive roots is denoted by R + and the associated set of simple roots is denoted by ∆ = {α 1 , . . . , α l }. To each root α in R there is an associated coroot α ∨ which we use to define the set of dominant weights in X * (T ). When G is simply connected every dominant weight is a positive linear combination of the fundamental dominant weights ω 1 , . . . , ω l , where ω i denotes the fundamental weight associated to α i .
The Weyl group W associated with T parametrizes the set of Schubert varieties X(w) in the flag variety G/B. When w ∈ W is represented by an elementẇ ∈ G we will write BwB for the subset BẇB of G. The simple reflections, denoted by s 1 , . . . , s l , generate the Weyl group and we use them to define the length l(w) of an element w ∈ W . The unique element in W of maximal length is denoted by w 0 .
For any B-character λ we define a G-module by
Then H(λ) is nonzero exactly when λ is a dominant T -character. When H(λ) is nonzero there exists a unique B-stable line within H(λ). This line is called a lowest weight line and its associated weight is w 0 λ. Similarly, H(λ) contains a unique highest weight line invariant under the opposite Borel group B + and of weight λ. The G-module H(λ) coincides with the global sections of a unique G-linearized line bundle on G/B which we denote by L G/B (λ).
When M is a G-module we consider the group of endomorphisms End(M) as a G × G-module by
for g, g ′ ∈ G, f ∈ End(M) and m ∈ M. When considering End(M) as a G-module we do this by identifying G with the subgroup G×{e} of G× G. The field k will always be considered as the trivial representation.
2.1. The Steinberg map. Let now G denote a simply connected group and let M denote a finite dimensional rational G-module defined by a morphism : G → GL(M). The G-character χ M : G → k of M is by definition the composition of latter map with the trace function on GL(M). The Steinberg map ( [11] ) is the map
. . , χ l (g)), defined as the product of the G-characters χ i associated to the Gmodules H(ω i ). When a = (a 1 , . . . , a l ) ∈ A l we will by χ −1 (a) denote the (scheme theoretic) fiber of χ at the point a. As mentioned in the introduction we may consider the fibers of the Steinberg map as closures of conjugacy classes of regular elements within G. Among all fibers the fiber at a = (χ 1 (e), . . . , χ l (e)) is of particular importance as this fiber coincides with the set of unipotent elements within G.
Equivariant embeddings
In this section G denotes a connected semisimple linear algebraic group. We think of G as a G × G-variety by left and right translation. An equivariant G-embedding (or simply a G-embedding) is a normal G×G-variety X containing an open subset which is G×G-equivariantly isomorphic to G.
3.1.
The wonderful compactification. When G = G ad is of adjoint type there exists a distinguished equivariant embedding X of G which is called the wonderful compactification (see e.g. Section 6.1, [3] ).
The wonderful compactification X is a smooth projective variety such that the complement of the open subset G is a finite union of smooth irreducible divisors which intersect transversally. Moreover, the common intersection of the irreducible components of X \ G is a closed G × G-orbit Y which is G × G-equivariantly isomorphic to G/B × G/B. The variety Y is the unique closed G × G-orbit within X.
Toroidal embeddings.
An embedding X of a semisimple group G is called toroidal if the canonical map φ : G → G ad admits an extension π X : X → X into the wonderful compactification X of the group G ad of adjoint type.
When X is a complete toroidal embedding then every closed orbit of X will map to the unique closed orbit Y ≃ G/B × G/B within X. As a consequence, every closed orbit of X is then G × G-equivariantly isomorphic to G/B × G/B.
A toroidal embedding is uniquely determined by the closure T of T within X. The closure T is normal and hence T is a toric variety with respect to T . As toric varieties admits resolutions by smooth toric varieties this essentially explains the following (see also Prop.6.2.5, [3] ) Theorem 3.1. For any equivariant G-embedding X there exists a smooth toroidal embedding X ′ of G and a birational projective morphism X ′ → X extending the identity map on G.
Frobenius splitting
Let X denote a scheme of finite type over an algebraically closed field k of characteristic p > 0. The absolute Frobenius morphism on X is the morphism F : X → X of schemes, which is the identity on the set of points and where the associated map of sheaves 
). where we have used the relation
Composing the latter map with s 2 we obtain a map
which defines the desired stable Frobenius splitting of X.
4.3.
Compatibly split subschemes. Let Y denote a closed subscheme of X with sheaf of ideals I Y . When 
defined by the canonical section σ 
It remains to prove that none of the components of D is contained in the support of D ′ . Restricting, if necessary, to an open subset we may assume that D is irreducible and nonempty. Now assume that D is contained in the support of
which is a contradiction.
4.4.
Cohomology and Frobenius splitting. The notion of Frobenius splitting is particular useful in connection with proving higher cohomology vanishing for line bundles. The main idea is that when
is a stable Frobenius splitting of X along the divisor D, then s defines a splitting of the injective map
Tensoring the latter map with a line bundle L on X we find a split injective map
where we have applied the projection formula and the relation F * L = L p . As F is a finite morphism the following statement is an easy consequence. 
of abelian groups. In particular, when X is projective, L is globally generated and D is ample then the group
Assume now, moreover, that Y is compatibly Frobenius split by the stable Frobenius splitting s of X. Then s defines a splitting of the map
Tensoring the latter map with a line bundle L on X then leads to 
of abelian groups. In particular, when X is projective, L is globally generated and D is ample then the group
′ denote proper morphism of schemes and assume that the induced map O X ′ → f * O X is an isomorphism. Then every Frobenius splitting of X induces, by application of the functor f * , a Frobenius splitting of X ′ . Moreover, when Y is a compatibly Frobenius split subscheme of X then the induced Frobenius splitting of X ′ compatibly splits the scheme theoretic image f (Y ) (Prop.4, [6] ).
We will need the following connected statement. 
Proof. Let L denote an ample line bundle on X ′ . By a result of G. Kempf (see Lemma 2.11, [9] ) it suffices to prove, for sufficiently large values of n, that
Now apply the "in particular" statements in Lemma 4.7 and 4.8.
4.6.
Frobenius splitting of smooth varieties. When X is smooth there exists a canonical O X -linear identification (see e.g. Section 1.3. 
Proof. Composing the evaluation map
with C X defines a stable Frobenius splitting of X of degree 1 along the Cartier divisor defined by τ . This proves the first assertion. The second assertion follows from Lemma 4.6 with D ′ = 0.
4.7.
Frobenius splitting of G/B. Let G denote a simply connected linear algebraic group. The flag variety X = G/B is a smooth variety with dual canonical bundle
where ρ denotes the sum of the fundamental dominant weights. Consider the multiplication map 
defines a Frobenius splitting of G/B × G/B (up to a nonzero scalar).
Preliminary results
Throughout this section G is simply connected and µ is a nonzero fixed dominant T -character.
5.1.
The morphism ψ µ . Consider the G × G-equivariant defined by
where I H(µ) denotes the identity map on H(µ). Let O µ (1) denote the ample generator of the Picard group of P µ . The pull back ψ * µ (O µ (1)) is then (by the description of ψ µ ) canonical isomorphic to the trivial line bundle on G. The induced map on global sections Proof. Write f i as a product of irreducible elements f i = f i,1 · · · f i,n . As f i is B × B-semiinvariant each factor f i,j of this product is also B × B-semiinvariant. Hence, there exists dominant weights ω i,j such that f i,j generates the lowest weight space in H(ω i,j ). Moreover, by the factorization of f i we must have ω i = n j=1 ω i,j . But then n must be equal to 1 which proves the first part of the statement.
As f i is irreducible the ideal (f i ) is a prime ideal of height 1. By the B × B-semiinvariance of f i this ideal must coincide with the ideal of functions vanishing on the closure of some Bruhat cell Bw 0 s j B of codimension 1. It remains to prove that f (w) = 0, where w ∈ G denotes a representative for w 0 s i . So assume that f (w) = 0. When t ∈ T we may calculate f (tw) in two different ways. First by definition of H(ω i ) :
But also f (tw) = (t −1 · f )(w) = (−w 0 ω i )(t)f (w). In particular, we conclude that w 0 s i ω i = w 0 ω i which is a contradiction.
5.2.
The closed orbit in Z µ . In the sequel we let Z µ denote the closure of the image of ψ µ .
Proof. By Borel's fixed point theorem the set of B × B-invariant points in Z µ is nonempty. So consider a B × B-invariant point 
In particular, it is enough to prove that [(0, 1)] is not contained in (T × T ) · x = T · x. Choose a basis m i , i ∈ I, of M consisting of Teigenvectors and let m * i denote the dual basis. Then, m i ⊗ m * j , i, j ∈ I, is a basis of End(M). Now adjoin z = (0, 1) ∈ End(M) ⊕ k to obtain a basis for End(M) ⊕ k and let z * , m * i ⊗ m j , i, j ∈ I, denote the dual basis. The top wedge product of M is a 1-dimensional G-representation and hence it must be the trivial representation. In particular, the homogeneous polynomial function
vanishes on T · x. Hence, [(0, 1)] is not contained in T · x.
5.3.
Morphisms into Z µ . In order to state the next result we define p : End(H(µ)) * ⊕ k → End(H(µ)) * to denote the projection onto the first summand. Recall that by Frobenius reciprocity there exists a unique (up to scalar) G-equivariant morphism H(µ) * → H(−w 0 µ).
and the associated map of global sections R µ fits into a commutative diagram
where the right vertical arrow is defined from a (unique up to nonzero scalars) nonzero map H(µ)
Proof. By Lemma 5.3 the morphism η must be given by
]. Hence we may, via the Segre embedding, factor η through the map
. As a consequence, we find that
Moreover the associated map on global sections
is nonzero and factorizes through the projection map p.
Proof. The first statement follows from Lemma 5. 
Line bundles on equivariant embeddings
Throughout this section we assume that G is simply connected. We use the notation introduced in Section 5. Let X denote an equivariant embedding of G. 
Then D i is a locally principal Weil divisor and its associated line bundle
Proof. By Lemma 5.1 we know that ψ *
, 0) is a generator of the lowest weight line in H(−w 0 ω i ). Letî denote the integer satisfying ωˆi = −w 0 ω i . Then w 0 sˆi = s i w 0 and the statement is hence an immediate consequence of Lemma 5.2 and Lemma 6.1.
As G is simply connected and as X is normal any line bundle on X will have a unique G × G-linearization. This explains what is meant by an invariant global section in the following statement. 
making the following diagram commutative
where the lower map is some (unique up to nonzero scalar) G × Gequivariant identification. In particular, there exists a nonzero
Proof. Consider the closure Γ of the graph of ψ ω i within X × P ω i . Projection on the first coordinate defines a birational projective morphism φ : Γ → X, which is an isomorphism outside a closed subset of X of codimension ≥ 2 (see e.g. Prop.III.9.1, [8] ). In particular, there exists a G × G-stable open subset X ′ of X with X \ X ′ of codimension ≥ 2 and an extension of
, which means that it suffices to prove the statement for X ′ . As ψ ω i extends to X ′ the first assertion now follows from Proposition 6.1. To prove the second assertion it suffices to prove that ψ i (0, 1) is nonzero. But this follows as ψ * ω i ,G (0, 1) is a nonzero (constant) function on G.
Frobenius splittings of simply connected groups
In this section G denotes a simply connected group. The aim of this section is to construct a class of Frobenius splittings of G. These will be constructed by restricting Frobenius splittings of a certain equivariant embeddings X of G. We begin by fixing the required properties of X. For the rest of this section we will fix a toroidal embedding X of G satisfying the requirements in Lemma 7.1 Fix a closed G × G-orbit Y within X. As noted in Section 3.2, we may G×G-equivariantly identify Y with the variety G/B × G/B.
7.1. The canonical bundle. Let X j , j = 1, . . . , n denote the boundary components of X, i.e. the irreducible components of X \ G, all of codimension 1 as G is affine (Chap.III, [4] ). Let furthermore D i denote the closure of the Bruhat cell Bs i w 0 B within X. By Prop.6.2.6 of [3] it follows that the dual canonical bundle of X is
It follows from Lemma 5.5 that the restriction of
This leads to the following statement.
where the map res is surjective.
Proof. By Proposition 7.2 the image of res is nonzero. Hence the statement follows as
Let v − (resp. v + ) denote a generator of the lowest (resp. highest) weight space in St and let v ∆ denote a generator of the unique diagonal G-invariant line in St ⊗ St. Applying Lemma 5.6 we find Lemma 7.2. With a 1 , . . . , a l ∈ k we have (1) res(
By Theorem 7.1 and Corollary 4.1 we can now state and prove. 
defines a Frobenius splitting of X (up to a nonzero constant).
Frobenius splitting in the general case
In this section G denotes a simply connected linear algebraic group. Let X denote an equivariant embedding of G and let D i (resp.D i ) denote the closure of the Bruhat cell Bs i w 0 B (resp. B + s i B) within X. As in the previous section we let X j , j = 1, . . . , n, denote the irreducible components of X \ G. Moreover when a ∈ A l , we let χ −1 (a) denote the closure of the associated Steinberg fibre within X.
8.1. The smooth case. Assume first that X is smooth. In this case the divisors X j are all locally principal and we choose canonical sections σ j of the associated line bundles O X (X i ). By Prop.6.2.6. in [3] the dual canonical bundle of X is isomorphic to
In order to construct Frobenius splittings of X we have to construct global sections of ω 1−p X . First we apply Corollary 6.1 and obtain for each i = 1, . . . , l, a commutative diagram of G × G-equivariant maps :
Now we have the following generalization of Theorem 7.3
Corollary 8.1. Let a = (a 1 , . . . , a l ) ∈ A l . Then the global section The following connected result will also be useful. Proof. By Theorem 3.1 there exists a resolution f : X ′ → X of X by a smooth G-embedding X ′ . By Zariski's main theorem we know f * O X ′ ≃ O X . Hence, by the discussion in Section 4.5 it suffices to prove the above statement for X ′ . Now apply Corollary 8.1.
8.3. Canonical Frobenius splittings. Let Z denote an arbitrary Gvariety and let s : F * O Z → O Z denote a Frobenius splitting of Z. For any root α we let x α : k → G denote the associated root homomorphism satisfying t ∈ T, c ∈ k : tx α (c)t Let a = (a 1 , . . . , a l ) ∈ A l and consider an arbitrary equivariant embedding X of G. Then there exists a diagonal G-action on the closed subvariety χ −1 (a). We claim
Proof. By the results in the previous section χ −1 (a) is compatibly Frobenius split by a Frobenius splitting s of X. Hence, it suffices to prove that s is a canonical Frobenius splitting of X. By the proof of Theorem 8.2 it moreover suffices to consider the case when X is smooth and s is defined from τ a (with notation as in Corollary 8.1). Now every factor of τ a except l i=1 ψ i (u
is invariant under the diagonal G-action. Hence we may concentrate on the (diagonal) T -invariant factor ψ i (u
, 0). The statement now follows as, for all j, x α j (c)v
x α j (c)u
for certain elements v i,j ∈ H(ω i ) (recall that the (w 0 ω i + qα j )-weight space of H(ω i ) is zero for q > 1).
Cohomology vanishing
In this section we will discuss various results which will enable us to prove that closures of Steinberg fibers in arbitrary equivariant embeddings have nice geometric properties 9.1. Resolutions and direct images. Let X ′ denote a projective equivariant embedding of G and let f : X → X ′ be a resolution of X ′ by a smooth projective equivariant embedding. When a = (a 1 , . . . , a l ) ∈ A l we denote by χ −1 (a) (resp. χ −1 (a) ′ ) the closure of the Steinberg fiber at a within X (resp. X ′ ). Proof. As X ′ is normal and f is birational it follows from Zariski's main theorem that f * O X = O X ′ . Hence, by Lemma 4.9 it suffices to prove that there exists a stable Frobenius splitting of X along an ample divisor which compatibly Frobenius splits χ −1 (a). Now apply Corollary 8.2.
9.2. Cohomology. We are now ready to prove the following statement about cohomology of line bundles on closures of Steinberg fibers.
Proposition 9.1. Let X denote a projective equivariant embedding of G and let a = (a 1 , . . . , a l ) ∈ A l . Let M (resp. L) denote a globally generated line bundle on X (resp. χ −1 (a)). Then
Moreover, the restriction map
is surjective.
Proof. By Corollary 9.1 we may assume that X is smooth. Now apply Corollary 8.2 and the "in particular" parts of Lemma 4.7 and Lemma 4.8.
Geometry of closures of Steinberg fibers
In this section we will study the geometry of the closure of a Steinberg fiber within an equivariant G-embedding X of a simply connected group G. [2] ) we expect that χ −1 (a) is strongly F -regular (see [10] ). In order to prove this it suffices to prove that χ −1 (a) is globally F -regular (see [10] 
